Abstract. Let K (1) be the Hilbert class field of the imaginary quadratic field
Introduction
Let K be a number field and E a finite Galois extension of K. We introduce the following notation:
Gal(E/K) = the Galois group of E over K, G ∧ = the character group of the group G, O K = the ring of integers of K, I K = the set of all fractional ideals of K, P K = the set of all principal fractional ideals of K, C(O K ) = I K /P K = the ideal class group, Z = the set of all rational integers. The Hilbert class field K (1) of the field K is the maximal unramified Abelian extension of K. The key idea of our work is based on the following statement concerning the ideal class group of K and the Galois group Gal(K (1) 
We define, with a slight abuse of notation,
Then ψ is a character of I K and ψ(a) = 1 for all a ∈ P K . The Dirichlet L series of ψ is defined as
where a ranges over all non-zero ideals in O K and N (a) is the norm of a. We will always assume the ideals to be non-zero. The series converges uniformly in the region Res ≥ 1 + δ, δ > 0 ( [3] , p. 117), and this requirement for s is always assumed throughout the paper. We recall that every a ∈ I K can be written uniquely as a product
where p i are distinct prime ideals of O K and r i ∈ Z. Together with the fact that ψ is multiplicative,
In Section 2 we will consider this series in greater detail for the case where K is the quadratic field. In Section 3, we further confine K to the imaginary quadratic field and study the problem of representation of positive integers by the quadratic forms of K. We assume the reader is familiar with the basic theory of quadratic fields. A readable source for the subject of the quadratic fields can be found in [1] , and an excellent account on the class field theory tailored particularly for the imaginary quadratic fields can be found in [2] .
The Dirichlet series of the quadratic fields
Let (D/n) be the Kronecker symbol ([1], p. 35). We recall the well-known result about the rules of decomposition of the rational primes into the prime ideals in the quadratic field K ([1], p. 104 or [2] , p. 145).
Let p, q and r be rational primes and for
(1) If (D/p) = 1, then the prime p splits into a product of two prime ideals in 
Thus the prime r ramifies and splits into a product of two identical prime ideals r in O K with N (r) = r.
Here 1 is the product over all ideals q = (q) in O K where (D/q) = −1. 2 is the product over all ideals p derived from the ideal (p) in O K for which (D/p) = 1; we recall that these ideals decompose into two prime ideals in
3 is the product over all ideals r derived from (r) in O K for which (D/r) = 0; these ideals decompose into two identical prime ideals in O K : (r) = r 2 and N (r) = r.
Lemma 1.
Let p, q and r be the rational primes described above. Then
and for (D/r) = 0
Proof. Since the Artin map takes the principal ideals to the identity element of G, we derive from the multiplicativity of ψ and the definition of
. Clearly the first two conclusions follow from the above relation and χ ψ (r) = 1 if r is principal. If r is not principal, then for some ψ ∈ G ∧ , ψ(r) = −1, and hence the conclusion.
When there is no danger of confusion, we will simply write χ for χ ψ .
Lemma 2.

L(s, ψ, K
(
Proof. Using the properties of χ, we can write (2.1) as
Multiplying the above series together, we have
Recall that the Mellin transform of a function f is defined as
Then for f (t) = e −αt and Reα > 0,
where q = e −t . Applying the inverse Mellin transform to (2.2) by choosing α = N (a) and n, we obtain
The quadratic forms of the imaginary quadratic fields
Throughout the remaining part of the work, the number field K will be an imaginary quadratic field Q( 
For a fixed ideal class A, the quadratic forms generated by a ∈ A form an equivalent class of quadratic forms. For i = 1, 2, ..., h, let Q i (x, y) be a representative of the quadratic forms associated with the ideal class A i . For the principal ideal A 1 , we choose Q 1 (x, y) as follows:
and
We call Q 1 (x, y) the principal form.
Lemma 3. Let Q(x, y) be a quadratic form associated with the ideal class A. Then
.
where η = mα+nβ for some integers m, n. The conclusion follows easily from (3.1). The presence of 1 w is due to the w-to-one correspondence between the associates of η and the ideal (η) generated by η.
In the last equality, we use the fact that ψ(A Applying the inverse Mellin transform to (3.3), we obtain the conclusion.
Thus χ ψ = χ ψ for every ψ. Hence, χ ψ (n/k)χ ψ (k) = χ ψ (n/k)χ ψ (k) = χ ψ (n), and Theorem 3 assumes a simpler form.
Corollary 4.
∞ m,n=−∞ Q∈C(O
We note that when the principal genus consists of only one element, namely, the principal form, the above formula yields the generating function for representation of integers by the principal quadratic form involving all the genus characters.
